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ContinuousRandom Variables

Continuous RV: Example

If in the study of the ecology of a lake, we make depth measurements at randomly
chosen locations, then X = the depth at such a location is a continuous rv. Here A is
the minimum depth in the region being sampled, and B is the maximum depth. M

If a chemical compound is randomly selected and its pH Xis determined, then X is
a continuous rv because any pH value between 0 and 14 is possible. If more is known
about the compound selected for analysis, then the set of possible values might be a
subinterval of [0, 14], such as 5.5 = x = 6.5, but X would still be continuous. @M



Continuous Random Variables

Probability density function (PDF)

A Depth of a lake at a random location




Continuous Random Variables

Probability density function (PDF)

A Depth of a lake at a random location
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Continuous Random Variables

Probability density function (PDF)

DEFINITION Let Xbe a continuous rv. Then a probability distribution or probability den-
sity function (pdf) of Xis a function Ax) such that for any two numbers a and
bwith a = b,

b
Pa=X=b = Jf[X)dX

That is, the probability that X takes on a value in the interval [a, b] is the area
above this interval and under the graph of the density function, as illustrated
in Figure 4.2. The graph of f(x) is often referred to as the density curve.

Jx)

Figure 4.2 P(a = X = b) = the area under the density curve between a and b




Continuous Random Variables

Uniform Distribution

DEFINITION

A continuous rv X is said to have a uniform distribution on the interval
[A, B] if the pdf of Xis

1
—— A=x=<BH

fix; A, B = {BA

0 otherwise




Continuous Random Variables

Cumulative Distribution Function (CDF)

DEFINITION The cumulative distribution function F(x) for a continuous rv X is defined
for every number x by

A = PX= 2 = j iy dy

For each x, F(x) is the area under the density curve to the left of x. This is illus-
trated in Figure 4.5, where F(x) increases smoothly as x increases.
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Figure 4.5 A pdf and associated cdf



Continuous Random Variables

f(X) from F(X)

If X'is a continuous rv with pdf f(x) and cdf F(x), then at every x at which the
derivative F’(x) exists, F'(x) = ().

When X has a uniform distribution, F(x) is differentiable exceptat x = Aand x = B,
where the graph of F(x) has sharp corners. Since F{x) = 0 for x < Aand F(x) = 1
forx > B, F'(x) = 0 = f(x) for such x For A < x < B,

d — A 1
F"*’de(;_A)zzﬂ” =




Continuous Random Variables

Expected Value

DEFINITION The expected or mean value of a continuous rvX with pdf £(x) is

uX—E(X)—J X+ 03 dx




Continuous Random Variables

Example: PDF

The pdf of weekly gravel sales X was

3
f(;‘j—{z(lxz) 0=x=1

0 otherwise




Variance

Continuous Random Variables

DEFINITION

PROPOSITION

The variance of a continuous random variable X with pdf fx) and mean value
[T

o= VX) = j (x — w? - f9dy = EI(X — )

The standard deviation (SD) of Xis oy, = V VX).

VX = EX?) — [EX)]?




Continuous Random Variables

Exercise: PDF

The current in a certain circuit as measured by an ammeter is
a continuous random variable X with the following density
function:

075x+ .2 3=x<5
0 otherwise

ftx)={

a. Graph the pdf and verify that the total area under the den-
sity curve is indeed 1.

b. Calculate P(X = 4). How does this probability compare
to P(X < 4)?

¢. Calculate P(3.5 = X = 4.5) and also P(4.5 < X).



Continuous Random Variables

Normal Distribution (i.e., Gaussian Distribution)

f(X) Changing p shifts the
distribution left or right.

Changing o increases or
decreases the spread.




Continuous Random Variables

Normal Distribution (i.e., Gaussian Distribution)

DEFINITION

A continuous rv X is said to have a normal distribution with parameters u
and o (or u and o%), where — < y < « and 0 < o, if the pdf of Xis
1

flx; n, o) = 2 e UTWIET) -~ <y < o (4.3)
aa




Continuous Random Variables

Normal Distribution (i.e., Gaussian Distribution)
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Figure 4.13

(a) Two different normal density curves (b) Visualizing w and o for a normal

distribution



Continuous Random Variables

Normal Distribution (i.e., Gaussian Distribution)

It's a probability function, so no matter what the values
of u and o, must integrate to 1!




Continuous Random Variables

Normal Distribution (i.e., Gaussian Distribution)

Standard Deviation(X)=c




Continuous Random Variables

Normal Distribution (i.e., Gaussian Distribution)

99.7% of the data are within
3 standard deviations of the mean
95% within
2 standard deviations
68% within
<«— 1 standard —>
deviation

A
L

- —_—

u— 30 u— 20 iL—a I w+a U+ 2o u+ 30



Continuous Random Variables

Normal Distribution (i.e., Gaussian Distribution)
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Continuous Random Variables

Standard Normal Distribution

The normal distribution with parameter values . = 0 and o = 1 is called the
standard normal distribution. A random variable having a standard normal

distribution is called a standard normal random variable and will be de-
noted by Z. The pdf of Zis

1
2

f(z0,1) = e —w < z< @

Shaded area = ®(z)

Standard normal (z) curve
- (z)




Table A.3 Standard Normal Curve Areas

(z) = PZ==2)

Standard normal density curve
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Continuous Random Variables

Example: Standard Normal Distribution



