Random Variables



The Notion of a Random Variable

e A random variable X is a function that assigns a real
number X (w) to each outcome w in the sample space
of a random experiment. S is the domain, and
Sx ={X(w):w e S}istherange of r.v. X

e Example:
tossacoin S={H,T}
X(H)=0,X(T)=1,Sx ={0,1}
P(H)=P(X=0)=05P(T)=P(X=1)=0.5
measure the temperature, S = {w|10 < w < 30}
X(w) =w, then Sy = {210 < = < 30}
What is P(X = 25)7




Cumulative Distribution Function

A

e Fx(z)=P(X<z2)=Pw:Xw)<zx) —c0o<zxr<o0
e Properties of Fx(x)

1.
2.
3.
4.

5.

0< Fx(aj) <1

limy oo Fix(x) =1

limx_>_oo FX (ZC) =0

Fx(z) is nondecreasing, i.e., if a < b then
Fx(a) < Fx(b)

Fx (z) is continuous from right, i.e., for h > 0
Fx(b) = limy, o Fx (b + h) = Fx(b")

(see examples below)



Cumulative Distribution Function

e Properties of Fx(x)
6. Pla< X <b)=Fx(b)— Fx(a)fora <b
Proof: {X <a}U{a< X <b}={X <b}
{X <a}nN{a< X <b}=0
SO P{X <a}+ Pla< X <b} =P{X <b}
= P{a < X < b} = Fx(b) — Fx(a)
f. P{X:b}:Fx<b)—Fx(b_)
Proof:
P{X =0} = limP{b—ec< X <b}

e—0

= Ix(b) — lim Fx (b —¢)

= Fx(b) — Fx(b7)



Cumulative Distribution Function
e Example: rolladice S ={1,2,3,4,5,6}, X(w) =w

A FX (.’I?)
/

1<x<?2
2<x<3

oo~ O

FX(ZE) = <

r <1 L -

@IU‘ LI B ]

Hb<x <06
L1 22>6
check properties 5,6,7.




Cumulative Distribution Function

e Example: pick a real number between 0 and 1
uniformly

(0 2<0
Fx(z)=<¢ z/1 0<x<1
\1 x> 1

o P{X =05}="



Three Types of Random Variables

1. Discrete random variables
e Sx = {xg,x1,- -} finite or countable

e Probability mass function (pmf)
Px (zr) = P{X =z}
e Fx(x) =) Px(xx)u(x — zr) where

u(x){o z <0

1 >0

a see the example of rolling a dice
Fx(x) = %u(aj— 1) + %u(a:— 2)+ -+ %u(a:—G)



Three Types of Random Variables

2. Continuous random variables F.(z) is continuous
everywhere
= P{X =z} =0forall z

3. Random variables of mixed type

e Fx(x)=pFi(z)+ (1 —p)Fs(xz), where 0 <p <1
Fi(x) CDF of a discrete R.V
F5(x) CDF of a continuous R.V

e Example: toss a coin
if H generate a discrete r.v.
If " generate a continuous r.v.



Probability density function

e PDF, if it exists is defined as:
A dFx(z
fx(z) 2 L)

-  dz
fX( ) Fx(I—I—AASBm) Fx(SB) _ P{CE<XA§;3—|—AZIZ} "denSity"
e Properties of pdf (assume continuous r.v.)
1. fx(z) =0

2. P{a<X<b}—fbe
3. Fx(z)=["_ fx(?)
4. f+°O (t)dt = 1



Probability density function
o Example: uniform R.V

fx(z)A

0 elsewhere

fX(SC)Z{ e aS2sb

FX (:13)1\

0 T <a

b _—
\1 T >0b




Probability density function

o Example: if fx(z) = ce @I, —00 < 2 < 40
1. Find constant ¢

+00 +00 2C
/ fx(z)de = 2/ cee Pdr=—=1
0

oo o)

=c=3
2. Find P{|X| < v}

(%

P{|X <'v}:%/

—v

o v
el gy =2 = / e “dr =1—e
2 Jo



PDF for a discrete r.v.

e Foradiscreter.v. Fx(x) =), Px(vr)u(r — xg)
o We define the delta function é(z) s.t.

u(z) = [*_4(t)dt and 6(x) = el
e So pdf for a discrete r.v.

fx (@) = 2oy Px(wp)0(x — )

o Example:

Fx ()4




Conditional CDF and PDF

a Conditional CDF of X given event A

<
Fy(z|A) = P{X < 2|A} = P{XP—(X)H A pay o
e The conditional pdf
_ dFx(z|A)

fx(z|A)

dz



Conditional CDF and PDF

o Example: the life time X of a machine has CDF
Fx(z), find the conditional CDF & PDF given the
event A = {X >t}

Fx(z|X > t) P{X < z|X >t}
P{X<znX >t}

P{X >t}

{ 0 r <t
— Fx(x)—Fx(t
o >t

r <t

0
fx(z| X >t) = { @)y

1—Fx (t)



Important Random Variables

e Discreter.v.
1. Bernoulli r.v.
2. Binomial r.v.
3. Geometric r.v.
4. Poisson r.v.

o Continuous r.v.
1. Uniform r.v.
2. Exponential r.v.
3. Gaussian (Normal) r.v.



Bernoulli r.v.

e Sy ={0,1} Px(0)=1-p Px(1)=p
e.g toss a coin

e Let S be aasample space and A C S be an event
with P(A) = p. The indicator function of A

0 fwegA
T _
Alw) { 1 fweA

I, is ar.v. since it assigns a number to each
outcome of S

e I41s aBernoullir.v.
PL(0) = PlwgA}=1-P(A)=1-p
Pr,(1) = Plwe Ay =P(A)=p



Binomial r.v.

e Repeat a random experiment n times independently
and let X be the number of times that event A with
P(A) = p occurs

Sx =4{0,1,--- ,n}

o Let I; be the indicator function of the event A in jth

trial

X=L+ 1o+ 13---+ 1,
so X is a sum of Bernoulli r.v.s, where Iy, 15, --- ., I,
are 1.i.d r.v.s (independent identical distribution)

e X is called Binomial r.v.
T

PX = k} = (k)pm o E k=01, m



Geometric r.v.

e Count the number X of independent Bernoulli trials
until the first occurrence of a success. X is called the
geometric r.v.

SX:{172737}

e Letp= P(A) be the prob of "success" in each
Bernoulli trial

P{X:k}:(l_p)k_1p7 k:1727
e The geometric r.v. has the memoryless property:

P{X>k+jlX>j}=P{X >k}forall j k>1



Poisson r.v.

e Poisson r.v. has the pmf:

ak

—¢€
k!
e A good model for the number of occurrences of an

event in a certain time period. « is the avg number of
event occurrences in the given time period.

P{N =k} = k£ =0.1,2 -

e Example: number of phone calls in 1 hour, number of
data packets arrived to a router in 10 mins.

e Poisson prob can be used to approximate a Binomial

prob. when n is large and p is small. Let o = np
k

("N ki on—k % —a _



Uniform r.v.

e Read on your own.



Exponential r.v.

Q

0 x <0 0 r <0
p— F p—

e Good model for the lifetime of a device.

e Memoryless: fort,h > 0

P{X>t+hNX >t}

P{X >t+hlX >t} = PIX =1

P{X >t+h}
P{X >t}

o~ A(t+h)

— T ox €

= P{X > h}

—Ah




Gaussian (Normal) r.v.

Q fx(ili) — 1

2mo

_(gc—'m)2
e 22 for —oco < < oo

m, o are two parameter (will be discussed later)

o CDF:
Fx(x)

e If we define ®(x

P{X <z}

1 /5”’ _@em?

e 202 X

270 J—o

1 = 2 r —m
— e 2dt (t=

5 | ( —)

t2

= \/Lz_w f_xoo e~ 2dt Then

FX:q)(x—m)
o



Gaussian (Normal) r.v.

e We usually use Q(z) =1 — ®(x)

Fx ()4

N




Functions of a random variable

e If Xisarv., Y =g(X) will also be ar.v.
The CDF of Y

Fy(y) = P{Y <y} = P{g(X) <y}
e When z = g~ !(y) exists and is unique, the PDF of Y

fX( ) B da
Note: A ]
fx(x)Az =~ fy(y)Ay = fy(y) = fx(z) Ai — fx(x) ﬁ
e In general, if y — g( ) has n solutions x1,z9, -+ , xy,

Z Idy/dflfl

L= =X

— fo(l.) dz
k=1



Functions of a random variable

e Example: Find the pdf of Y = aX + b, in terms of pdf
of X. Assume a # 0 and X is continuous.

Fy(y) = P{Y <yj}

= P{aX +b<y}

| P{X <) = Py (Y if a > 0
| PIX >N =1 - Fy () ifa <0

_dRv(y) ] ifx(5) ifa>0 = — 0
fy(y) = dy { —Lry —b) ifa < 0 fo( >

g ‘

~—~
<
S

(z—m)?

o Example: Let X ~ N(m,0?)i.e. fx(x) = —e ™ 27
if Y = aX + b (a  0) then




Functions of a random variable

@ Example: Y = X? where X is a continuous r.v.

Fy(y)P{Y<y}P{X2<y}{ OP{—\/§<X<\/§} Zig

_ 0 y <0
Fx(Vy) = Fx(=yy) y=0
So

0 y < 0;
fY(y) — Fx (V/7) n Fx(=/7) >0
27 2y I =

)

@ If X ~ N(0,1) then
1 2 e 2

fx(x) = \/%6_% = fr(y) =

ch-square r.v. with one degree of freedom

fory > 0

[\
E‘
<



Expected Value

e E[X]= [T zfx(z)dz (may not exist) for continuous
r.v.

e F|X| =), x.Px(xy) for discrete r.v.

e Example: uniform r.v.

b
E[X]:/:C ! dx:b+a
s b—a 2

e When fx(x) is symmetric about x = m then
E[X] =m. (e.g., Gaussian r.v.)
m — x. odd symmetric about z = m
(m — :c)fX( ): odd symmetric z = m

if m—x)fx(x)der =0
= m = mf_oofX( )z = [ xfx(z)dz = E[X]



Expected Value

o Example: the arrival time of packets to a queue has
exponential pdf

fx(z) =Xe ™™ forz >0



Expected Value

e ForafunctionY =g(X)ofrv. X

©.0)

E[Y] = / o) fx(2)da

— 00

e Example: Y = acos(wt 4+ ¢) where ¢ is uniformly
distributed in [0, 27]. Find E[Y] and E[Y?].



Variance of a random variable

e Var[X] = E[(X — E[X])?] = BE[X?] - BE[X]?
e Example: uniform r.v.

b 2
Var(X):/ bia(x—“;b> dz

__ +b
Lety = o — <=

b2 B 2
Var(X):bl / ygdy: (b—a)
— a J_b=a




Variance of a random variable

o Example: For a Gaussianr.v. X ~ N(m,c?)

Var(X) = /OO (x —m)? fx(z)d

— OO

>0 1 (@—m)?
= / (z —m)* e 22 dx

oo 20

> o (2—m)?
— —(x —m)——=d(e 202

/_oo o= m)pdle =)
O
_ (w—m) o 6_(m2—an21>2 +/ o 6_(3:2—:21)2 .
\V/ 2T — 00 —00 V 2T




Variance of a random variable

e Some properties of variance
Var[C] = 0
Var[ X + C|] = Var[X]
Var[CX] = C*Var[X]

e nth moment of a random variable

F[X" 2 / T fx(z)dz

— OO



Markov Inequality

o CDF,PDF = u, 02, how to u, o2 = CDF PDF
e The Markov inequality: For non-negative r.v. X

P[X >a] < E[;(] fora >0

Proof:

E[X] = /Oooxfx(x)dx:/Oaxfx(x)dx+/CLoofo(x)dx

[V

/OO vfx(x)dr > /OO afx(x)dr = aP[X > a
a a E[X]

= P|X >a] <



Chebyshev Inequality

a Chebyshev inequality

0.2

Pilz —m| 2 a} < —

Proof:

P{lr —m|>a} = P{(z— m)2 > a2}

E[(x — m)? o?
¢ Ble-my)_o

T Markov inequality




Transform Methods

e The characteristic functic&p
bx(w) = BN = [ fx@) ende j= VT

Fourier transform of fx(z) (with a reversal in the sign
of exponent)

Fe(z) = — / T Oy (w) eI ds

:% .



Characteristic Function

e If X is a discreter.v.,

CIDX(w) = Z Px(ibk) eijk
k

If ;. are integer-valued,



Characteristic Function

e Example: For a geometric r.v.,

Px(k)=p(1—p)*, k=01,

Oy(w) = > p(1—p)re”
k=0

= pY [(1-p)e)
k=0

p
1 —(1—per




Characteristic Function

@ Moment Throrem:

Proof:

Py (w) = /_O:Ofx(m)ej”xd:c:/_o:ofx(:z;)(1+jw:c+

= 1+ jwE[X]+

SO,

Px (w)]w=0=1 (note: ®x(0) = Ele’] = E[1] = 1)
%@X(W) |w=0=jE[X] = E[X] = %%@X(W) |w=0

dr ' 1 d»
) w—o=JEIX" — FI X" = —

O x (W) |w=0



Characteristic Function

e Example: For an exponential r.v.,

A
) —
x(w) A— Jw
SO,
d \j 1 d |
S oy(w) = EX] = ==&y (w) |omo= ~
o) = o = Bl = s exWlle=o= 3

Find £[X?] and ¢ by yourself.



Probability Generating Function

e For non-negative, integer-valued r.v. N,

Gx(2) = EIZ") =3 Py(b)Z*
k=0

which is the Z-transform of the |_3mf.

1 d*
Py(k) = =7 Gn(Z) |20
e To find the first two moment of IV :
d oo
—GN(Z) 221 = ZPN(k)kzk—wZ:l:;kPN(/q):E[N]
2 o
%GN( ) lz=1 = ZPN(k)k —1)ZF 2 | = Zk — 1) Py (k

— E[N? - E[N]



Probability Generating Function

e Example: For a Poisson r.v., Py (k) = Zre

— E[N] = Gy(1) =a E[N?] - E[N] = Gy(1) = o
. E[N?=a’+ E[N] = o+«



Entropy

e Let X bearv. with Sy ={1,2,--- |k}
Uncertainty or information of X = £

I(X =k) =log

= — log Px (k
e (k) g Px (k)
e Properties:
1. Px(k) | small, I(X = k) 7 large, more information
2. Additivity, if X, Y independent,

P(X=kY=m) = P(X=kKPY =m)

(X =kY =m) logP(X:kY m)

—log P(X = k) —log P(Y =m)
= I(X=k+ 1Y =m)



Entropy

e Example: toss coins

I(X = H) = — log2% —1 (1 bit of info)

[(X1=H Xy=T) = — logzi = 2 (bits)

e If the base of log is 2, we call the unit "bits"
If the base of log is ¢, we call the unit "nats”



Entropy

e Entropy:

A

HX)2E [log

] ZPX ) log Px (k)

e Foranyrv. X with Sy ={1,2,--- | K}
H(X) <logK

with equality iff P, = &, k=1,2,--- | K
Read the proof by yourself.



Entropy
e Example: r.v. X with Sy = {1,2,3,4} and
2(314
1
4

HE
8

il
Pls
The entropy:

1 I 1 I 1 1 1 r 7



Entropy

e Source Coding Theorem: the minimum average
number of bits required to encode a source X is

H(X).
o Example:

0 — 1 00 — 1
10 — 2 01 — 2
110 — 3 10 — 3
111 — 4 11 — 4

Average number of bits Average number of bits

=1242243-L43. 1 =1 = H(X). | =2 > H(X).



Differential Entropy

e For a continuous r.v,, since P{X =z} =0 = the
entropy is infinite.

e Differential entropy for continuous r.v.

A

nx 2 - [ " fxla)log fx (@)de = B[ log fx(x)

e Example: X is uniformin [a, b]

1
b—a

Hy = —E [log ] — log(b — a)



Differential Entropy

o Example: X ~ N(m, c?)

1 _ (z=m)?
fX(gj) — (& 202
2mo
o Ellog fx(z)] = —E |1 ! (x —m)7
— — = — @) -—

1 1 1
— 5 10g(27T0'2) -+ 5 — 5 1Og(2ﬂ'€0'2)



